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The final states of  central Cu  + Ca and Nb  + Nb collisioris at 400 arid  1050 MeV/nucleon  and 
at 400 and 650 MeV/nucleon,  respectively, are studied with  t~vo  independently  developed statistical 
models,  riamely  the  classical  microcanonical  model  and  the  quantum-statistical  grand canoriical 
model.  It is  shown that these models are in agreement with each other for these Systems.  Further- 
more, it is demonstrated that there is essentially a oiie-to-one relationship between the observed rela- 
tive abundances of  the light fragmerits p, d, t, 'He, arid  cc aiid the eritropy Per nucleon, for breakup 
temperatures greater  than  30  MeV.  Entropy  values of  3.5-4  are deduced  from  high-multiplicity 
selected f'ragment yield data. 
I.  INTRODUCTION 
Relativistic nuclear collisions offer a number of imnor- 
tant  tools for studying the general properties  of excited 
nuclear  matter.  For example, entropy as a  probe of  the 
high density nuclear equation of state, pion multiplicity as 
a  probe of  the compressional  energy  of  nuclear  matter, 
and collective motiori of nuclear fragments as a probe of 
the pressure in nuclear matter.'  Advances in the field de- 
pend upon the continuing interaction between theory and 
experiment.  In  experiments performed by  the GSI-LBL 
Plastic  Ball  ~rou~,'  the relative abundances of  p,  d, t, 
'He. and n were measured  as a  function of the charged- 
particle multiplicity (roughly equivalent to impact param- 
eter) for Ca + Ca collisions at 400 and 1050 MeV/nucleori 
arid for Nb + Nb collisions at 400 and 650 MeV/nucleon. 
In an effort to infer the entropy in the final state of the 
exploding  nuclear  matter,  two  different  statistical 
models3~'  were applied, which gave significantly different 
answers.  This has given rise to some confusion which was 
temporarily further compounded.'  Our purpose here is to 
reanalyze  the  situation  with  several  independently 
developed statistical  descriptions  of  nuclear  disassembly. 
We obtain a consistent and unambiguous interpretation of 
the data. 
The outline of  the paper is  as follows.  In  Sec. I1 we 
briefly  review  several  simple formulae which  have been 
proposed for inferring the entropy from the abundances of 
light  r~~iclear  fsagments.  We also briefly  review  the two 
most refined statistical models which have been developed 
to treat  the fragmentation of nuclear matter at excitation 
energies on the order of  100 MeV/nucleon.  In Sec. 111 we 
compare calculations of these models to each other and to 
the data with respect to the d-like/p-like ratio.  In Sec. IV 
we emphasize that the fragmeritation  into light riuclei  at 
these beam  energies  is  controlled  by  the entropy  per nu- 
cleon irather than by the energy per nucleon or by the nu- 
clear density.)  In Sec. V we present our conclusions and 
indicate interestirig avenues for further inquiry. 
11.  STATISTICAL MODELS 
In  1979 it  was recognizedh that for a classical, charge 
symmetric  (N=Zi gas  of  r-iucleons  and  deuterons  in 
thermal  and chemical equilibrium  there is  a  direct  rela- 
tionship  between  the  entropy  per  nucleon  and  the 
deuteron-to-proton ratio Rdp, 
This relation might  then be  used  to infer the eritropy  of 
the nuclear  system at  the time of disassembly  from the 
measured  value of  R„.  Assuming that  the system un- 
derwent  an  adiabatic  expansion  [which  has  since been 
shown  to be  a  good  approximation  at the level  of  10% 
(Refi. 7 and 811,  this allows one to infer the entropy of nu- 
clear matter at the stage when it was most hot and dense. 
If  the nuclear system is not charge symmetric, so that 
SFZ,  then there is an additional term on the right-hand 
side of  (1) of (Z/A)ln(iV/Z).  This amounts to 0.1 1 for 
riiobium and 0.18 for urariium. 
Relation  (1)  is valid  only if  R„ «  1, which seemed to 
be the case experimentally iii  1979.~  One source of error 
is  the reduction in entropy due to the formation of deute- 
roils.  The exact relatiori  for a charge symmetric classical 
gas of nucleons and deuterons is 
Another source of error arises from the omission of other 
light  composite fragments. particularly  t, '~e,  and a. A 
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where 
The  quantity  X  measures  the  number  of  deuteron-like 
correlations in the various fragment species.  Note that (3) 
reduces  to  (1)  at  high  entropy  when 
R„  «R„  «Ra  «  1.  It was then proposed3 to extend 
(3) from  classical  statistics  to  the  Fermi  statistics  ap- 
propriate for nucleons.  An exact formula in terms of ele- 
mentary functions cannot be given, but a good interpolat- 
ing formula is3 
Then (5) reduces to (3) when  X «  1.  Although (3) takes 
partial  account  of  the  reduction  of  the  entropy  due to 
correlations among the nucleons,  and (5) in  addition in- 
corporates  the  quantum  statistics of  the  nucleons,  it  is 
clear  that  a further reduction  of  the type encouritered  in 
(2)  is missing.  Entropy and deuteron production has also 
been studied in terms of the time-dependent density opera- 
t~r.~ 
Other complications seems to preclude the existence of 
a simple formula relating the entropy to the relative abun- 
dances  of  light  nuclear  fragments  when  the  condition 
R„ «  R„ <<Rb «  I  is not fulfilled.  For example, un- 
stable nuclear fragments can be produced and subsequent- 
ly  decay  into  lighter  nuclear  fragments, obscuring  the 
predecay  abundances.lO" '  Effects  of  excluded 
vo~ume~,""~  and  the  presence  of  a  surface'%an  also 
modify  the simple relation  (1). Also omitted are binding 
energies, which  have a significant  influence  at low  tem- 
perature.  Therefore it  seems to be  necessary  to resort  a 
detailed statistical models which include numerous bound 
and unbound nuclear states in order to treat nuclear frag- 
mentation when the entropy is not large.  Such statistical 
models  for  nucleosynthesis  were  first  put  forward  in 
1976.l"heir  histories  may  be  followed  in  review  arti- 
cles.'  The two most sophisticated statistical models in use 
at the present time will be briefly  sketched below and ap- 
plied in later sections. 
The disassembly of nuclear Systems with modest excita- 
tion energies, relevant  in the present.context,  was first ad- 
dressed in a grand canonical treatment incorporating "all" 
particle  stable  nuclear  states.15  This  treatment  was  ex- 
tended to include also metastable nuclear states and their 
subsequent evaporation-like  decays."  Only  states with  a 
width  of  less  than  1  MeV  were  included.  This was ac- 
complished  by  supplementing experimental  inforniatiorii6 
with  simple  formulae  for  level  densities  and  lifetinies. 
Only  fragments with  at  most  16 nucleons are ordinarily 
considered,  since  the  abundances  of  heavier  ones  are 
suppressed.  An approximate  relationship  between  avail- 
able  volume  and  mean  baryon  density  was  also  estab- 
lished. 
On  the  basis  of  this  model  a  numerical  code  was 
developed for generating complete final states of eriergetic 
nuclear  collisions.  By  expressing the exact  microcanoni- 
cal multifragment distributions as a product of i-ecursi\,ely 
dependent one-fragment inclusive distributions, which are 
then replaced by  their grand canonical equivalents, an ap- 
proximate microcanonical event generator was coristruct- 
ed."  It was anticipated that for problems  in this energy 
region  the  phase  space  density  of  individual  fragments 
would  be  low  eriough  that  classical  statistics  would  be 
applicable.  Relativistic  kinetics  is  used.  A  standard  nu- 
merical  implementation of  this  model  has  recently  been 
released  under the name FREESCO.'~ Since FREESCO  pro- 
duces  actual  physical  fragments  in  the  final  state  and 
takes into account the conservation  laws on an event-by- 
event  basis,  it  is particularly well  suited  for interpreting 
the results of  nearly  exclusive experiments and it  has, for 
example, been used extensively in the analysis of the Plas- 
tic Ball experiments. 
In the present application we Start out by associating an 
ensemble of events with a temperature  T, baryon chemical 
potential p,  and isospin chemical potential V.  An approxi- 
mation to the microcanonical  ensemble then is found by 
Monte Carlo event simulation.  The statistical mechanics 
of the finite, excited, nuclear systern is computed with the 
eriergy per baryon, charge per baryon, and baryon density 
characterizing the grand  canonical  System  of  events as a 
whole with  fixed  T, p, and V.  An  excluded-volume  ap- 
proximation is invoked to take into account the finite size 
of  nuclear fragments.  The volume excluded by  a nuclear 
fragment  of  baryon  number  A  is  taken  to be  V,  =uoA, 
where  uo =  1  /no is  the inverse of  normal  nuclear  matter 
density.  One can show19 that  the thermodynamic  func- 
tions  in  the  grand  canonical  ensemble  in  this  excluded 
volume approximation (denoted by subscript xv) can easi- 
ly  be  obtained  from  the  thermodynamic  furictions  with 
nuclei  treated as point particles (denoted by  subscript pt), 
for example, 
pressure:  P„ ( T,p,v)  =  Ppt(  T,p*,v) , 
chemical potential:  p=p*  +Ppt(  T,p*,v)uO  , 
entropy density:  s„( T,p,~)=s~~(T,p*,v)/[I  +npt(  T,p*,v)uO]  , 
baryon density:  n„(T,p,v)=npt(T,p*,~~)/[l  +II,,,(T,~*,V)U~]  . 35  QUANTITATIVE ANALYSIS OF  THE RELATION BETWEEN . . .  1299 
That is,  the point  particle  thermodynamic  functions are 
computed with a shifted chemical potential P*, the pres- 
sures  are the  Same,  and  all  point  particle  dei-isities are 
scaled  by  the factor  (1  +  n„vo)-'.  Thus particle  ratios 
are unaffected  by  finite nuclear  and nucleon  size  in  the 
grand canonical ensemble. 
The second  statistical  model%mployed  in  the present 
study  is  based  on  the grand canonical  ensemble.  It  in- 
cludes  roughly  the  Same  input  as  the  microcanoriical 
model, but  incorporates  quantum statistics.  (This is im- 
portant  for high  phase space densities.)  It  is usually  re- 
ferred to as the quantum statistical model (QSM). All ex- 
perimentally  identified particle-stable and metastable nu- 
clear  states  with  A  220  are  included."  A  similar 
excluded-volume treatment as discussed above is also used 
in this model to take into account the finite size of nuclear 
fragments.  The QSM has been useful in interpreting vari- 
ous experimental data on fragment formation. 
As is evident from the above brief  descriptions, the two 
models are based on the Same physical picture:  namely, a 
fast "explosion"  irito light- and medium-mass fragments, 
followed by sequential "evaporation"  from these explosion 
products.  Both stages are governed  by  phase space.  The 
two models may be regarded as different implementations 
of  a  general  statistical  model  for  nuclear  disassembly. 
Due to many differences in detail; these two independent- 
ly  developed  codes  may  differ quantitatively  in  their re- 
sults. 
Therefore, as a first step, we have made detailed com- 
parisons between  the two models in  the domain of  over- 
lap; that is, by  using classical statistics, a grand canonical 
ensemble, and the Same set of stable and unstable nuclear 
states.  The results were the Same to four significant fig- 
ures. 
Throughout the present  study, we  do not  include  the 
spin-0,  isospin-1 resonant  states of  the dinuclear  System 
(nn, pp, and d*  ).  This decision is based on an analysis of 
the second virial coefficients using the measured nucleon- 
nucleon  phase  ~hifts.~'  Iriclusion  of  these  states  does 
make a small but  observable difference (1015  7c)  in the 
entropy results. 
111.  d-LIKE/p-LIKE RATIOS 
In  Fig.  1 we  plot  x =d-like/p-like  versus  the entropy 
per baryon  for the charge symmetric Systems  formed by 
central  collisions  of  40~a  nuclei.  For the QSM, calcula- 
tions were done at fixed  T, baryon density  n, and charge 
per  baryom4  For temperatures between  30 and 90 MeV 
there is essentially a unique relationship between  x and S: 
the difference amounts to roughly  the width  of  the line. 
The lower  temperature isotherms, with  T < 30 MeV, be- 
gin  to deviate at  low  entropy.  For example, the  T =  10 
MeV  isotherm is  shown for illustration.  However, even 
the  low-temperature  isotherms  eventually  converge  at 
high entropy. 
Using  FREESCO,  we  constructed  a  grid  in  the  T -P* 
plane.  For each point  ( T+*) the isospin chemical poten- 
tial was determined self-consistently.  The microcanonical 
distribution functions were then  estimated by  150 Monte 
Carlo simulation events.  The different symbols represent 
the corresponding  statistical  averages  for different  tem- 
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FIG. 1.  Plot of x defiried by  (4),  vs entropy per nucleon.  The 
dashed curve has bcen calculated with the QSM at  T =  10 MeV, 
and  the  solid  curve  with  the QSM at  T =30-90  MeV.  The 
symbols  indicate the results  of  FKEESCO  as foiiows:  V,  T=30 
MeV; 0,  T =45  MeV; 0,  T =60  MeV; 0,  T =75  MeV;  A, 
T =90 MeV; T,  T =  105 MeV; W. T =  120 MeV. 
peratures.  As  with  the QSM  the  final  fragment  ratios 
d/p, t/p, '~e/~,  and a/p were determined after the decay 
of all particle unstable nuclei.  Calculations were done for 
temperatures ranging from 30 to 120 MeV.  It can be Seen 
in  Fig.  1 that, despite the physical and technical  differ- 
ences between  these  two models, they  produce results  in 
remarkable agreement with each other. 
Also shown in Fig. 1 is the simple formula 13).  It can 
be Seen that this formula provides a satisfactory reproduc- 
tion  of  the results of  the detailed  statistical codes when 
the phase space density is low; that is, when  X  <0.2 and 
S > 5.5.  However, for larger x it overestimates the entro- 
py, as would be expected on the basis of  (2). [The use of 
(2) with R„ replaced by  x leads to a better fit at large X.] 
It also turns out that the quantum corrections to (3) em- 
bodied in (5)  are negligible for x < 0.9 and T>  10 MeV. 
0 0 
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FIG. 2.  Same as Fig.  1 for Nb + Nb, except that the crosses 
are  the  results  of  FREESCO  at  T =  10  MeV,  and  the  solid 
(dashed-dotted) curves  are obtained  with  the QSM at  T=30 
(90)  MeV. TARLE I.  Summary of  results.  The f'irit two rows indicate the reactions considered.  The x value 
associated with  the  maximun~  occurring  inultiplicity  is  given  iri  the  third  row  and the extrapolated 
asb-niptotic valuc of  Ref. 2  is  listed iri  the fourth row.  The entropy values extracted by using  X„„  in 
coiijurictioii aith Figs. 1  arid 2 are displayed  iii the fifth row and those obtairied by  fittirig L [Figs.  5-8) 
are giveii  iri the sixth.  The last  row shokvs the weighted  average of those ttvo estimates of  the entropy 
attained iri the reactions. 
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XTII.~,  0.53+0.04  0.48I0.03  0.68i0.05  0.66+0.05 
.x,t\\c~y>tcx~>~  0.94t0.12  0.95i0.  19  1.00t0.  13  1.01IO.  15 
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In Fig. 2 we show the results of the QSM and FKEESCO 
for central Nb + Nb collisions."  An almost insigriificant 
difference  can  now  be  seen  betweeri  the  T =30  and  90 
MeV  ciirves.  I11  this  figure  we  also  plot  some  T =  10 
MeV points from FKEESCO  \vhich show the sanie trend as 
in the QSM.  Again, for breakup temperatures between 30 
and  120 MeV,  it  can be  said  that  there is  esseritially  a 
oiie-to-oiie relatioriship betweeri tlie deuterori-like correla- 
tion in the final state arid the entropy per nucleon.  This 
feature is  in  qualitative accordance \vith  the findings of 
Ref. 6 (which were based ori simple coiisiderations involv- 
ing only nucleoris  arid deuterons) and also in quantitative 
agreement  with  the  results4  of  the  more  refined  QSM 
iwhich includes the formation and decay of heavier frag- 
ments).  For these phase-space densities (11, or (3),  is  not 
accurate and detailed statistical-model calculations are re- 
quired  to  determiiie  the  relationship  between  the 
deuteron-like correlations and the entropy. 
At fixed  X  the entropy for Nb + Nb is  slightly higher 
than  for  Ca +  Ca  by  an  aniount  of  the  order  of 
(Z/A)ln(Y/Z),  as discussed in Sec. 11. 
The experimentally determined values'  of X at the max- 
imum charged particle multiplicity, which correspoiids tu 
central collisioris. are stio\vri iri Table I.  Referring to Figs. 
1  and  2,  we  can read  off  the entropy corresporidirig  to 
each X„„,  assumirig that  T > 30 MeV.  (We return to this 
point  later.)  The results  are shown  in  the table.  These 
values are intermediate between  those obtained in Ref. 2 
using  (5)  [or (3)] (average:  S =4.i) and  using  the QSM 
(average:  s =  2.3 ).'"  How  did  this  discrepancy  come 
about and how is it resolved? 
Point (i)  is that the siniple formula (3)  is not very accu- 
rate unless  X  10.2.  Since the data under  corisideration 
have considerably more deuteron-like correlations present, 
formula (3)  should not be applied.  Point (ii) is that in Ref. 
2  the  experimentally  determined  curve  of  x  versus 
charged particle niultiplicity was parametrized aiid extra- 
polated to infinite charged particle multiplicity.  The ex- 
trapolated values  (listcd in  the table) differ significantly 
from the X,,,;„  values.  Using the extrapolated  values  to- 
gether with Figs.  1 and 2, one arrives at the low entropies 
quoted,2 both  in  the QSM and  in  FREESCO.  However, 
there are arguments against analytically extrapolating the 
observed X distribution to infinite charged-particle multi- 
plicity  (see Csernai and Kapusta, Ref.  I), so it is prefer- 
able to compare the observed  X values  at the maximum 
charged-particle n~uitiplicity  to the results  of  FREESCO. 
Sirice  FKEESCO  and  the QSM give  consistent  results  in 
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FIG. 3.  Plot  of  Z  defined  by  (10). vs  baryori derisity as  ob-  EnergyIBaryon  (M~V) 
tained  with  ~'RELSCO.  The nieaiiing of  the symbols  is  ttie same  FIG. 4. Same as Fig. 3, except that L is plotted  vs the energq 
a\ in Fig. 1  and the lines are oiily meatit to g~iide  the eye.  per baryon. 35  QUANTITATIVE ANALYSIS OF THE RELATION BETWEEN . . .  1301 
E  = 400  MeV  E = 650 MeV 
Figs.  1 and 2, it  must be that the grand canonical ensem-  should be interpreted as the entropies actually achieved in 
ble is a good approximation to the microcanonical ensem-  central Ca + Ca and Nb + Nb collisions at those energies. 
ble  for  the  system  under  consideration.  It  is  therefore  The coriceptual  problems associated  with the analytic ex- 
reasonable to compare the observed  X„,  values to the re-  trapolation  to infinite charged  particle  multiplicity  will 
sults of  the QSM as well.  Therefore row  5 of  the table  not be addressed in this Paper. 
00  1 
IV.  UNIQUENESS OF THE RELATION BETWEEN FRAGMENTATION AND DISORDER 
As an alternative means of comparing with experiment we have also calculated the function 
~[(t/p)t~eor(t/p)expt]2+  $[(3~e/p)r~eor-(3~e/P)exPt]2+4[(a/P)throi  -(a/~)„~,]'  ,  (10) 
I  I  1 
which is the sum of the Squares of the differences between 
the theoretical ratios and the experimental ratios, weight- 
ed by the baryon number of the fragments. 
In Figs. 3-5  we plot isotherms of B versus baryon den- 
sity, energy  per  baryon, and entropy  per baryon  for cen- 
tral  Nb + Nb collisions  at 400  MeV/nucleon.  It  is  seen 
that  different  combinations of  T and baryon  density, or 
different  combinations of  T and energy per baryon, lead 
I  I  1 
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FIG. 5.  Plot of  Z defined  by  (10), vs  entropy per nucleon in 
FREESCO.  The symbols are the Same as in Fig. 1.  FIG. 6.  See Fig. 5. 
to equally  good fits to the data.  However, the isotherms 
of  C, when plotted against the entropy per baryon, more 
or less fall on a common curve.  This again illustrates that 
the fragmentation into light  nuclei, at  least when  T > 30 
MeV, is controlled by the disorder in the system. 
One might think that the thermal energy per baryon is 
uniquely  determined  by  the beam  energy, and therefore 
that Fig. 4 can be used to infer the temperature of the sys- 
001  3  1  4  I  I 
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FIG. 7.  See Fig. 5.  FIG. 8.  See Fig. 5. tem  at  the time  of  disassembly.  This  is  not  possible 
without  additional  input  because  some fraction  of  the 
available energy seems to go into collective radial motion 
of expansion.'4'25 
It  is  interesting  to  make  the  following  observation. 
From  two-particle  interferometry  of  Nb +  Nb at  400 
MeV/nucleon  (Ref. 24), the inferred density at the time of 
disassembly is 0.035t0.010 fm-!  From the slope of the 
proton spectrum at 90" in the center-of-mass frame an ap- 
parent temperature of  65i  10 MeV has been mea~ured.~~ 
(The  numbers for the other reactions are of similar magni- 
tude.)  If collective motion is present, then the true tem- 
perature must be smaller."  From Figs. 3 and 4 we may 
conclude that the relative  yields of light fragments, two- 
particle interferometry,  and the slope of the proton spec- 
trum may all be consistent with a commonly disassembly 
temperature  and density  if  some of  the energy is  in the 
form of collective motion.  For Nb + Nb collisions at 400 
MeV/nucleon,  we would  thus estimate that 25 < T < 55 
MeV. 
The Z  versus  entropy  per  nucleon  is  plotted  in Figs. 
6-8  for the other three reactions.  The entropy  at the 
minimum is  listed  in the table.  Considering  the uncer- 
tainties in the fit, we coriclude that these values are con- 
sistent with those in the table,  which  came from fitting 
the d-like/p-like ratio. 
V.  CONCLUSION 
Tz30  MeV) is controlled solely by the entropy, or disor- 
der, of the System.  As already noted, this is in good ac- 
cordance  with  earlier  findings,  both  qualitatively6  and 
quantitatively."ur  best  estimates  of  the entropy  pro- 
duced in these collisions  are listed  in the table; they  are 
based  on the data of Ref. 2  and the two analyses  using 
X„,  and 2. The trends are as expected:  increasing the 
beam  energy  increases  the  entropy,  and  increasing  the 
mass of the colliding nuclei decreases the entropy.  It will 
be interesting  to analyze the Au i  Au data when  it  be- 
Comes available. 
The entropy values quoted in the table are expected to 
be somewhat less than the total entropy produced  in the 
collisions  since they  include only the entropy  carried  by 
the nucleonic degrees of  freedom.  Pions and delta  reso- 
nances are not incorporated in the calculations reported in 
this paper.  Pionic excitations become increasingly impor- 
tant as the excitation energy increases.  We have not in- 
corporated them because it is not clear whether they are in 
statistical equilibrium at the time of nuclear disassembly; 
this is left as a topic for future study. 
At low temperatures there is a liquid-gas phase transi- 
tion  in  nuclear  matter.  Also  for  low  temperatures, 
Coulomb forces may be important.  Although we now be- 
lieve  that  we  have  good  phenomenological  models  for 
fragmentations at temperatures above  30 MeV, we have 
divided opinions on the situation at lower temperatures. 
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